Previous work using the Born-Green-Yvon (BGY) integral equation approach has been extended to investigate the case of a pure compressible lattice fluid, yielding the equation of state as our main result. We show that the BGY equation does a very good to excellent job at fitting the experimental pressure-volume-temperature surface for both small molecules and polymers; the fit parameters are then used to make predictions about thermodynamic properties for the system of interest. We note that two other equations of state can easily be obtained from the BGY equation, and compare results using BGY and other equations of state. We also comment on the agreement between the BGY description in the athermal limit, which is equivalent to Guggenheim's treatment of random mixing, and some lattice Monte Carlo results.
I. INTRODUCTION
In previous workIs one of us (J. E. G. L.) has outlined the theoretical treatment of a binary, incompressible lattice mixture using the Born-Green-Yvon integral equation approach. It has been shown how the thermodynamic description of such a system could be derived analytically, and the BGY results have been compared with those from simulation studies and other lattice theories. The next goal in this work involves extending the lattice model to the case of a compressible mixture; at that stage comparison with experimental results and with treatments incorporating free volume effects will become possible. In doing so, it will be necessary to use information characteristic of the pure components; typically such information is obtained by fitting experimental pressure-volume-temperature (PVT) data to an equation of state derived for the pure component, in order to extract "characteristic parameters." Different choices for the three parameters can be used, but a common set is the nonbonded nearest-neighbor interaction energy, E, the number of contiguous lattice sites occupied per chain, r, and the volume associated with a lattice site, Y. Before proceeding to the case of a compressible mixture, it is important to study the compressible pure fluid problem, and that is the focus of the present study.
Among the questions to be answered here are: Can the BGY theory yield a good fit to experimental PVT data? Can it predict a liquid-vapor transition? Can the fit parameters be used to predict other thermodynamic properties? Finally, how does this description compare with other equations of state? Many such equations have been obtained, and some of these have been very successful at describing pure fluids. The questions listed here are addressed in the following manner: In Sec. II the BGY theory is used to derive the equation of state for a compressible fluid. In Sec. III the equation is ex- ' ) Author to whom correspondence should be addressed. pressed in reduced variables along with other equations of state to be compared with BGY. In Sec. IV the athermal version of the BGY result, which is equivalent to Guggenheim's treatment of random mixing,3p4 is compared with lattice simulation results, and in Sec. V the complete BGY equation of state is applied to experimental data on n-alkanes and several polymers, and the results are compared with those using the equations listed in Sec. III. Our conclusions are discussed in Sec. VI.
II. THE EQUATION OF STATE FOR A COMPRESSIBLE PURE FLUID
We model the compressible fluid as a mixture of rNoccupied lattice sites, and Nh unoccupied sites, or holes; we imagine the occupied sites to be connected such that rcontiguous sites are associated with a molecule. The fractions of occupied and unoccupied sites are denoted 4 and +,, , respectively, where d=rN/(rN+Nh), & =Nh/(rN+Nh).
(1) The interaction energy associated with nonbonded nearestneighbor segments is E; the empty sites do not contribute towards the total potential energy of the system. As in the study of incompressible mixtures,' we also define a concentration variable which accounts for the nearest-neighbor connectivity of the molecules,
q.z=n-2r+2. (3) z is the lattice coordination number and n is the number of nearest-neighbor contacts associated with r disconnected (and separated) segments; qz is the maximum number of nearest-neighbor contacts for a linear chain having r segments. Hence the use of 6 incorporates to some extent the effects of chain connectivity in the molecule. Here we assume that the smallest unit offree volume in the lattice is that associated with one lattice site.
Using the results of Ref. 
and take the lower limit of the integration (i.e., Tapproaches infinity) to be associated with the free energy of a pure fluid with holes randomly distributed throughout the lattice. Thus we approximate the athermal free energy by an estimate for the free energy associated with "randomly mixing" the holes and segments; in particular, the expression developed by Guggenheim4 (denoted GRM for Guggenheim random mixing) is used here
Putting together Eqs. (4) through (6), the free energy change associated with mixing the holes and segments to form a compressible fluid at temperature T is given by
This result can be used to obtain the equation of state, since p= _aal av T'
Using Eqs. (7) and (8) we find
(9) where Y is the volume per lattice site. Given the definition of q from Eq. (3) it can be seen that, unless q is set equal to r (if nearest-neighbor connectivity is neglected, or if r = 1)) the third and fourth terms on the right-hand side of Eq. (9) will cancel. Equation (9) is the central result of this paper. In the following section we will express the equation of state in reduced variables and compare our result with those of several other theoretical treatments. ' (PV) using some concepts introduced by Guggenheim,3 and the Simha-Somcynsky' (SS) equation. It is difficult to find notation which is equally suited to expressing all of these equations in reduced form; for example, the LF notation is not convenient for writing the Simha-Somcynsky result in that it would make their equation artificially complex (and unfamiliar). The reduction parameters for the other equations are given by !i-k T/T*, T*=zd2kB, F=P/P*, (10) P * =zE/2v.
Sanchez and Lacombe' usep, where we have used 4; we will continue using both 4 and { as our dimensionless concentration variables. In reduced form the BGY equation of state becomes
where S,, is the Kronecker delta, and J is given by
(12) The presence of the term with the Kronecker delta is related to the discussion above regarding the third and fouth terms in Eq. (9). The LF equation of state5 is
The LF result can be obtained from the BGY result by setting q = r (therefore 6 = 4) and by expanding J and keeping only terms to 0 (@) . The PV equation of state' is
The PV result can be obtained from the BGY result by expanding J to 0 (DE). Note that the appearance of { 's implies that q # r. Thus the LF and PV results are obtained as simplified versions of the BGY result. The above three equations retain a formal dependence on r, both in the term associated with the factor or l/r (BGY and LF) and in the presence of 6 (BGY and PV) . 6, defined in Eq. (2)) can also be written as
As r becomes very large, r/q-+z/(z -2) and so all equations are expected to obey a corresponding states principle for the polymer case. The LC equation of state for polymer&j is given by P+T[ln(l-4) +#++"(l/T-4/!?z+ l/z!? + l/z + 3/2) + 43(4/Fz -4//T*z -20/3t)
Finally, the SS equation of state' is given by 
where U* is the characteristic volume per segment of the chain.
IV. COMPARISONS WITH OTHER EQUATIONS OF STATE AND MONTE CARLO RESULTS FOR ATHERMAL MELT
In the athermal limit (E = 0) the BGY description reduces to the GRM equation of state.3 Dickman and Hall, working both togetherlO~ll and separately,12v13 have studied athermal chains. Most of what follows will reference Monte Carlo (MC) data on lattice chains;13 a comment related to some of the continuum results" will appear in Sec. VI.
In making comparison with the simulation data there are two quantities of interest. One is the insertion probability,p( $,r), which is the probability that a randomly chosen rmer, placed at random into a randomly chosen configuration of Nr-mers on a lattice of No sites, will not overlap with any of the other chains on the lattice." As Bawendi and Freed noted,' this can be easily obtained once an expression for the free energy of the system is known. The result for GRM is
This can be compared with the Flory-Huggins (FH) result, which would include only the first term on the right-hand side, and with the LC result of Ref. 7.14 Monte Carlo results are available in both two and three dimensions. Figure 1 from Ref. 13(a) shows data for a simple cubic lattice, and illustrates the difference in the three theoretical predictions for chains of length 5,10, and 20 segments. It is important to note that what we (and others) denote "Flory-Huggins," Hertanto and Dickman13 call "Flory;" they refer to GRM as "Flory-Huggins." For r = 5 both the GRM and LC theories agree extremely well with the MC predictions; this is also true for r = 10, 20, but the LC equation does marginally better for the longest chain length. This may be because GRM accounts for connectivity only with respect to nearestneighbors, while LC is supposed to incorporate longer-range effects. For the case of thermodynamic properties where interactions are only counted to nearest-neighbor, the two have been shown to agree even more closely, for some cases.15 Note that FH does rather poorly over the entire concentration range, even for low chain lengths. A quantity of greater practical interest is the compressibility factor, w, defined as w = P V, /RT = PIT/# RT.
Once an expression for the equation of state is obtained it is straightforward to work out the result for the compressibility factor. For GRM this is
The result using FH, tiFH, is given by the first three terms on the right-hand side of Eq. (20).16 Figure 1 from Ref. 13(b) shows several sets of Monte Carlo data for the simple cubic lattice, along with the predictions using the GRM, FH, and LC equations, combining results from simulations in which the chain length was fixed at r = 40 with those in which there was a uniform or bimodal distribution of chain lengths about an average of r = 40. It is interesting that these simulation data would seem to indicate that there is little (if any) effect on the compressibility factor of having these kinds of molecular weight distributions. The theoretical results were all obtained using r = 40. FH is consistently higher than the simulation results, but does show the correct curvature. At low densities LC is a little closer to the simulation results, but at higher densities LC and GRM are indistinguishable. Taking the case of a chain with r = 40, and approximating the volume of a lattice site to be about ( .009/N,,, ) L/mol, where N,,, is Avogadro's number, volume fractions of 0.2 and 0.8 would correspond to molar volumes of about 1.8 and 0.45 L, respectively. Thus the liquid regime will be associated with values of 4 close to 1, and in this region GRM is in excellent agreement with the simulation results.
V. COMPARISON WITH EXPERIMENTAL DATA AND OTHER EQUATIONS OF STATE
Refering to the questions raised in Sec. I, we shall first investigate how well the BGY equation of state can fit experimental PVT data and compare our results to those using other theoretical approaches. We can also consider, for small molecule fluids, the ability of BGY to predict a liquidvapor transition. In addition, other thermodynamic properties such as the thermal expansion coefficient will be of some interest. In the tlrst portion of this section we shall focus on n-alkanes, and will then examine several polymeric systems.
Since there are comprehensive PVT data sets available for the homologous linear alkanes" we chose to study a series having between four and twenty carbons per molecule. Figure 1 shows the BGY fit to a series of isotherms for n-C5 (pentane), n-Cl0 (decane), and n-C20 (eicosane). The results were obtained by fitting the experimental PVT surface for the liquid [using Eq. (9) ] thus determining best values for the three parameters Y, e, and r, while keeping z fixed. (cl tainty for the ith data point, which was taken here to be a constant (in fact, one). In order to compare fits on different data sets (in particular, having pressure ranges which differed by an order of magnitude or more) a reduced chi parameter was developed, analogous to the coefficient of variation used in one-dimensional statistics x r = [x*/(n -3)1"*. Table I summarizes the fit parameters and xr values for the n-alkane series. Looking at Fig. 1 , it can be seen that BGY works extremely well for n-C5, and quite well for n-Cl0 and n-C20. Since fit results using the PV equation of state' were only available for n-C5 and n-C7 among the linear alkanes we shall focus on n-C5 in comparing BGY with other equations of state.
Consider first the fit parameters and the z dependence of the fit, as a function of the alkane chain length. Two combinations of the fit parameters are particularly suited to illustrate the effect of chain length: rv, the hard-core volume per molecule, and qzE, the interchain interaction energy associated with the maximum number of (nonbonded) nearestneighbor contacts per chain. Figure 2 shows these quantities plotted against the number of carbons per molecule for different values of z. Figure 2 (a) illustrates the excellent correlation between the hard core volume and the chain length; note that changing the lattice coordination number between 6 and 12 has no effect on these results. The hard-core volumes calculated here correlate well with values of the van der Waals b constant; for n-C4 to n-Cl0 rvranged from 58% to 64% of b.*' The insensitivity to choice of z, and linear correlation with number of carbons are also visible in Fig.  2 (b) where qze is plotted; the negative slope of the plot is due to the fact that the nearest-neighbor interaction energies are negative. While qze varies with the number of carbons, the energy density ~/~stays reasonably constant throughout the series; the average is 166 + 14.3 J/mL. For the same subset of n-alkanes discussed above (n-C4 to n-ClO) these energy The fits were done using a series of z values between 6 and 12; the effect of changing z is discussed later in this section. The best fit was considered to be that which minimized the chi square function'* 
where P( Vi, Tj ,a) represents the calculated value of P using independent variables Vi and Ti, and parameters r, Y, and E are represented by the vector a; Pi is the experimental value for the pressure at Ti and Vi. oi is the measurement uncern-C4 n-C5 tl-C6 n-C7 n-C8 n-C9 n-Cl0 n-Cl1 n-Cl3 n-C17 n-C20 densities ranged from 50%-100% of the cohesive energy density*' for the alkane of interest. Figure 3 shows fits to the PVT data to three isotherms (293,353, and 393 K) of the data for n-C!5 using the LF' and PV* equations of state [ Eqs. ( 13) and ( 14)) respectively]; these should be compared with the BGY result, shown in Fig. 1 (a) . There are many equations of state which have been used successfully in fitting PVT data on small molecules; these two treatments were chosen because of their relationship to the BGY result, as discussed in Sec. II. Both the PV and LF results were plotted using parameters obtained from the literature. The BGY description comes the closest to the experimental data over the whole temperature range. Both PV and LF do reasonably well at 20 "C, while by 80 "C both are rather far off. Thus far, the focus has been on the liquid state. Is BGY capable of predicting a phase transition? If so, how well can it do at estimating the critical point? Figure 4 answers one of these questions: Using the fit paramters obtained through a fit of the liquid state data for n-C5, a series of isotherms were generated which indicate the presence of a critical point ( T,, V,, PC) and, below that, a two-phase region showing a van der Waals-type loop. The liquid-vapor coexistence curve can be mapped out by using an equal-area construction to identify the molar volumes of the gas and liquid in equilibrium below T,. A plot of the predicted molar volumes for n-C5 as a function of temperature is shown in Fig. 5 (a) , which also includes the experimental results. Since the BGY fit was to the liquid data it is no surprise to see the theoretical curve fill right on those data points; the correlation with the vapor data, however, is very good as well. Figure 5 (b) , a plot of the predicted vapor pressure for n-C5 as a function of temperature, also shows how well the BGY treatment does at describing the vapor phase. The agreement with experiment is excellent over the range of temperatures, although it does appear that the two are closer at lower temperatures. In fact, the percent deviation from the experimental results is reduced as T, is approached; this can be illustrated by a semilog plot of P vs T, which is not shown. From Figs. 4 and 5 it can be seen that there is some disagreement between the predicted and experimental values of the critical point for n-C5. In fact, considering that the description is almost certainly a mean field one, BGY does remarkably well at predicting the critical points for the series of n-alkanes. This is illustrated in Fig. 6 in which the theo- retical predictions for T, are compared with the experimental results for n-C4 to n-C20. The BGY predictions are in excellent agreement with the experimental results although they tend to be a little high for n-alkanes associated with the low-pressure data, and are a bit below the experimental results for the cases in which high-pressure data were used. Finally, for some of the n-alkanes the fit parameters were used to look at derivatives of the PVT surface. Figure 7 shows the isothermal compressibility, K, as a function of pressure for a series of temperatures for n-C5. K is defined as (23) The agreement between the BGY predictions and the experimental results is good throughout, and is excellent in the middle range of temperatures. This trend is also seen for the related derivatives (Y (the thermal expansion coefficient), and y (the thermal pressure coefficient).
Next, we shall consider data on three polymeric systems, all in the melt phase: polystyrene (PS) ,** poly (orthomethylstyrene) ( PoMS ) ,23 and poly ( vinylacetate ) (PVAc) .24 The fit parameters are listed in Table II . For the polymer data r' and q' were used, where r' = r/M, and q' = q/M,. MO is the mass associated with the portion of the chain occupying one lattice site. Using r', q', and the specific (instead of the molar) volume leave Eq. (9) unchanged in form, and allows us to fit the experimental data without having to specify a molar mass for the polymer. Figure 8(a) shows the PVT fits to data on polystyrene, over a temperature ranging from 373 to 504 K, with the three isotherms at 422,463, and 504 K highlighted. The BGY fit is very good, although it overestimates the curvature of the isotherms a little at the higher temperatures. In Fig. 8(b) the BGY fits for the three isotherms highlighted in Fig. 8(a) are compared with those fits obtained using the LF, LC, and SS equations. For these data all of the fits were done by us, using the approach outlined in Sec. IV; the fit parameters are given in Table II . The SS equation of state does the best job of fitting over the entire range of molar volumes, particularly at higher temperatures. However, looking, for example, at the low-pressure portion of the isotherm at 504 K, it can be seen that the BGY curve comes next, closely followed in this case by PV, then SL and LC.
Figures 9 and 10 are analogous to Fig. 8 in that the BGY fits are shown in part a, with the results using other equations of state illustrated in part b. For these cases only the BGY and LC fits were done by us; the other fits shown were plotted using parameters obtained in the literature for the relevent data sets (see Table II ). In Fig. 9 the polymer of interest is poly (ortho-methylstyrene), and in Fig. 10 it is poly(vinylacetate).
In both cases BGY does a very good job at fitting the PVT data over a wide range of temperatures. Indeed, as was seen in Fig. 8 , only SS does a consistently better job at describing the experimental results. Note that although the BGY and PV fits were very close for the polystyrene data, BGY is distinctly better for the lowest-temperature isotherm in Fig. 10(b) for poly(vinlylacetate).
In Fig. 11 we compare the BGY prediction for a, the thermal expansion coefficient, with experimental results for poly ( vinlyacetate ) 24 over pressure ranging from one to 80 M Pa. a is defined as (24) The BGY prediction is within + 8% of the experimental result over this range in pressure. The best agreement with experimental data is in the middle of the pressure range, as noted in the analysis of the results for n-pentane, discussed above. Although the data are not shown in Table II we also fitted the BGY equation to PVT data for the glassy state of the polymers studied. In all cases, J was larger for the melt than for the glass of a particular polymer; this can be understood by recalling that J is proportional to the number of freely jointed connected segments per chain. This number should be greater for the melt, reflecting the greater flexibility of chains above the glass transition. Since the hard-core volume of the chain should be independent of whether it is the molten or glassy state, Y must therefore decrease in going from a melt to a glass, and that is what was found; the product Jv changed less than 5%.
In all, it would seem that each of the equations of state used is capable of providing at least a reasonable fit to fluid PVT data. For n-C5 BGY appears to do significantly better than either PV or LF. For the polymeric systems all of the equations used did a good job. Niess and Stroeks2' have commented recently that two descriptions which appear to do equally well at fitting liquid PVT data can differ significantly in other ways, e.g., in predictions regarding phase separation behavior in mixtures. Thus, even though the numerous equations used did an apparently similar job in de- scribing the polymeric PVT surface, it remains to be seen how they will differ when used to treat mixtures of, for example, polymeric fluids.
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Vi. CONCLUSIONS
In this work we have extended our studies using the BGY integral equation treatment to include the case of a compressible pure fluid. We have commented on how well the BGY predictions for the athermal fluid (GRM) compare with lattice Monte Carlo results as well as with the FH and LC predictions for the athermal case. In addition, we have studied a series of n-alkanes (a selection from n-C4 to n-C20) as well as three different polymeric fluids [ polystyrene, poly ( orthomethylst yrene ) , and poly (vinylacetate ) I, comparing the BGY fits and predictions with those from theories including the LC, LF, PV, and SS treatments. In all of these cases the BGY approach does very well, showing that it is indeed capable of describing fluid PVT results and predicting thermodynamic properties, both for the liquid and (where appropriate) gas phases.
In Sec. IV we refered to continuum Monte Carlo results for athermal chains. Dickman and Hall" have pointed out, in determining the pressure for such systems, that the lattice and continuum results are dramatically different, and that the lattice models (such as FH or GRM) do very poorly at describing the continuum results.26 Here we have noted the excellent agreement between GRM and the lattice Monte Carlo results, and then have continued using our lattice model to fit experimental data, which means applying a lattice version of BGY to describe continuum systems. How can this be justified? We have seen that the lattice version of the equation of state does very well indeed at fitting the continuum PVT data. Shall our defense be that "it works?" The conclusion might then be that any reasonable form of the equation of state with three fitting parameters is sufficient. However, the BGY approach must be doing a good job at describing the underlying physical behavior, since the fits of liquid data lead to accurate predictions on properties of the vapor and good estimates of the critical points. Thus, while the lattice version of BGY may not be quantitatively correct, in the sense that when there are no adjustable parameters it does poorly with respect to simulation results for quantities such as pressure or the compressibility factor, it must get the physics of the system qualitatively correct. Hence it would seem that the lattice description is rather robust, and that the flexibility afforded by having three parameters makes up the difference between being qualitatively and quantitatively right. Since we are currently studying the continuum analog of this problem using BGY, we will soon be able to report on the differences in using the lattice and continuum versions of the same theoretical approach.
